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We are tasked with determining the mean and variance of the product of a constant 3 times x, a normally-distributed
random variate with mean 60 and standard deviation 20, and a constant 5 times y, a normally-distributed random
variate with mean 25 and standard deviation 10. The correlation between x and y is 0.40.

Legend of Symbols
A = Multiple of x

B = Multiple of y

r = Normally-distributed random variate with mean p, and variance o2

y = Normally-distributed random variate with mean p, and variance 02

p = Pearson correlation coefficient between x and y

zy = Normally-distributed random variate with mean zero and variance one - Used in the equation of x

zy = Normally-distributed random variate with mean zero and variance one - Used in the equation of y

z = Normally-distributed random variate with mean zero and variance one - Used in both equations of x and y

0 = b
6 = VI=p

The Equations for Ax and By

We can write the equations for x and y as follows...
=g + 00,2+ G0z, (1)

Y = pby +00yz + ¢oyz, (2)

The two equations above reflect the fact that = and y are correlated. We will use the remainder of this section to
prove that the mean and variance of a constant times equation (1) are Au, and A%02, respectively, and the mean

T
and variance of a constant times equation (2) are By, and Bzag, respectively, and that the correlation between x
and y is p.

Note: If the correlation between z and y equals zero then # = 0 and ¢ = 1 in equations (1) and (2) above.

The first moment of the distributions of Az and Bx (see Appendix B) are...
E [Ax} = Ay, (3)
E {By} = B, (4)
The second moment of the distributions of Az and By (see Appendix C) are...
B| (40| = 42 |12 + 0202 + 62| (5)

E [(By)z} = B? {uj + 6% + ab%j)] (6)



The expected value of the product of Az and By (see Appendix D) is...

E {A:L’By} = AB {,ux,uy + 0203704 (7)
The equations for the mean of Az and the mean of By are...

mean s, = E |:A:C]

= Apgy (8)
meang, = E [By}
= By (9)

The equations for the variance of Ax and the variance of By are...
2
varay, =E [(sz} — {E [Ax”
— 2+ 0202 | -
_ A20'92: |:92 + ¢2:|

—Azag[p+1p}

= A%5? (10)
varp, = E[(By)Q] - []E {By”2
= B%? (11)

The covariance of Az and By is...
COVAzBy = E {AxBy} —E [Ax} E {By}

= AB {,um,uy + 9203504 — Apz By,

= AB#?*0,0,
= ABpo,0, (12)
The correlation of Ax and By is...
cor = OUAeBy
ArBY T A /UGT By
_ ABpo,oy,
N Ao, Boy

Note: If we set A =1 and B = 1 then the correlation between = and y is also p, which means that equations (1)
and (2) have the desired correlation structure.



The Mean and Variance of the Product of Ax and By
The mean of the product of Az and By is...

meansypy = E [AxBy]

= AB [,uxuy + 92Ux0y:|

= AB [Mwﬂ'y + paway] (14)
The expected value of the product of Az and By squared (see Appendix E) is...

E {(AxBy)ﬂ = A’B? [uiﬂz + 2070, + pr?os + gy 0040y + ool + 304020, + 20°¢ 0o+
ool + o'oat] (15)
The variance of the product of Az and By is...
2
Varaypy = E {(AxBy)Q} — {E [AxBy”

= A’B? Miﬂ?; + ,uiGQU; + ,ui(bzai + 4Mwuy¢920way + u§920§ + 3040505 + 292¢2050§+

2
,uquZai + ¢4a§a§ — [AB {uxuy + GQUny”
= A?B? Mi920§ + Mi¢205 + 2ty 0200y + MZOQUi + 2940305 + 202¢2050§+

242 2 4 2 2
fy 9~ 05 + ¢ 00y

= A?B? puiai +(1—- p)uiai + 2Pz fly T2 0y + Pﬂiag + 2p20360§ +2p(1 — p)o§0§+

(1= puyoz + (1= p) oz,
= A’B?|plo; + paos 4+ (1+ p*)oioy + 2ppaily0a0y (16)

Problem Solution

We can write the equations for x and y as...

z = 60 + 20v/0.40z + 20v/1 — 0.40z,
y = 25 + 10v/0.40z + 10v/T — 0.40z, (17)

The mean of Az By via equation (14) is...
meanazpy = (3)(5) | (60)(25) + (0.40)(20)(10)
= 23,700 (18)
The variance of AxzBy via equation (16) is...
var azpy = (3%)(5%) | (60%)(10%) + (252)(20%) + (1 + 0.40%)(20%)(10%) + (2)(0.40)(60)(25)(20)(10)

= 201,690,000 (19)



Appendix

A. Rules on expectations of random variables with mean zero and variance one:

Elz'|=0 ; E|z}|=0 ; E|z!| =0

;o El22] =1 Ezg =1
E|z}| =0 ; E[22|=0 ; E|z2|=0

E|lz*| =3 ; Elz*| =3 ; E|z} =3

B. The expected value of Az is...
E {Ax} =K {A(u:c + 00,2 + d’Uxe)]

= AR {,um + 0o,z + gbawzz}
= A,u'x

One equation with three variables yields 3! = 3 permutations as follows...

Perm Eq Value Result
o al g = o
02 a2 flo,z = 0
03 ad  Popzy = 0

Note: The same logic used above can be applied to the expected value of By

C. The expected value of Az squared is...
E [(Ax)ﬂ =K {A(uz + 00,2+ ¢0p2: ) Ay + 0oz + d)azzx)}
= A’E {(,ux + 00,2+ ¢orzy)(pe + 0oz + ¢UI2$):|

e [ui P qs}

Two equations each with three variables yields 32 = 9 permutations as follows...

Perm FEql Eq2 Valuel Value?2 Result
01 al bl o P = .ui
02 al b2 Lo Oo,z = 0
03 al b3 s OO 2y = 0
04 al bl Oopz Lz = 0
05 al b2 Oozz Oopz =  6%?2
06 al b3 Oopz 002y = 0
07 al bl PO 120 s = 0
08 al b2 PO 20 0o,z = 0
09 al b3 PO 120 P02y = ¢203

Note: The same logic used above can be applied to the expected value of By squared



D. The expected value of the product of Az and By is...

E {AxBy} =E [A(/iz + 00,2 4 G0y 22) B(py + 0oyz + (;50'yzy):|

= ABE [(,um + 00,2 + ¢0p25) 1y + Ooyz + qﬁoyzy)}

= AB {/,Lxuy + 9201.04

Two equations each with three variables yields 32 = 9 permutations as follows...

Perm Eq1
01 al
02 al
03 al
04 al
05 al
06 al
07 al
08 al
09 al

Eq2 Valuel Value24
bl M Hy =
b2 Lz Ooyz =
b3 i POy 2y =
bl Oo,z fhy =
b2 o,z Ooyz =
b3 0o,z DTy 2y =
bl OO L2y Ly =
b2 OO 2y Ooyz =
b3 PO 2y POy2Zy =

E. The expected value of the product of Az and By quantity squared is...

Result

E [(ACCB?/)Q} =E [A(Mx + 00,2 + ¢0222) A(pa + 0022 + 90322) By + 00y z + doyzy) B(py + 0oy z + ¢0yzy)]

Perm Eq1
01 al
02 al
03 al
04 al
05 al
06 al
07 al
08 al
09 al
10 al
11 al
12 al
13 al
14 al
15 al
16 al
17 al
18 al
19 al
20 al

= A’B°E {(um + 00,2 + ¢op25) (e + 0022 + 00322) (1by + 00y 2z + G0y 2y) (1y + 0oy z + gbayzy)}

= A%B? [uiuz + ui@Zgg + ,uingcr; + 4y$uy920way + ,u2920926 + 394Uio§ + 292¢20305+

uz ? 0,20 + ¢402 02]

Y

Four equations each with three variables yields 3* = 81 permutations as follows...

Eq2 Eq3 Eq4 Valuel

bl
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bl
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bl
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Value 2
M
Mz
Mo
Mo
P
M
Mo
Mg
Mz

Oo,z
Oo.z
Qo2
Qo2
o,z
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Oo.z
Qo2
¢0'z 2y
fole o

Value 3 Value 4

Ooyz
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Poyzy
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Hy

Hy
0oy
Poyzy
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Ooyz
Poyzy
Hy
Ooyz
Poyzy
Hy
Ooyz
Poyzy
Hy
Ooyz
Poyzy
Hy
Ooyz
Poyzy
Hy
Ooyz

Result
1311

i2gio?
0

Loy 02 010y
0
MzﬂyQQUazo'y
0

OO OO OO

(23)
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